DIFFERENTIAL GRADED VERSUS SIMPLICIAL CATEGORIES 
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Abstract. We construct a zig-zag of Quillen adjunctions between the ho- 
motopy theories of differential graded and simplicial categories. In an in- 
termediate step we generalize Sliipley-Schwede's work |21) on connective DG 
algebras by extending the Dold-Kan correspondence to a Quillen equivalence 
between categories enriched over positive graded chain complexes and sim- 
plicial fc-modules. As an application we obtain a conceptual explanation of 
Simpson's homotopy fiber construction [22) . 
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1. Introduction 

A differential graded (=dg) category is a category enriched in the category of 
complexes of modules over some commutative base ring k. Dg categories provide 
a framework for 'homological geometry' and for 'non commutative algebraic ge- 
ometry' in the sense of Drinfeld and Kontsevich [4] [5] [M] [15] [16] . In [23] the 
homotopy theory of dg categories was constructed. This theory was allowed several 
developments such as: the creation by Toen of a derived Morita theory [53]; the 
construction of a category of non commutative motives [53]; the first conceptual 
characterization of Quillen- Waldhausen's iiT-theory [23]. . .. 

On the other hand a simplicial category is a category enriched over the category 
of simplicial sets. Simplicial categories (and their close cousins: quasi-categories) 
provide a framework for 'homotopy theories' and for 'higher category theory' in the 
sense of Joyal, Lurie, Rezk, Toen . . . [H] [T7] [5D] [53] . In [T] Bergner constructed a 
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homotopy theory of simplicial categories by fixing an error in a previous version of 
[6] . This theory can be considered as one of the four Quillen models for the theory 
of (oo, l)-catcgories, see [5] for a survey. 

We observe that the homotopy theories of differential graded and simplicial cat- 
egories are formally similar and so a 'bridge' between the two should be developed. 
In this paper we establish the first connexion between these theories by constructing 
a zig-zag of Quillen adjunctions relating the two: 

In first place, we construct a Quillen model structure on positive graded dg 
categories by 'truncating' the model structure of [13], see theorem 14.71 

Secondly we generalize Shipley-Schwede's work [21] on connective DG algebras 
by extending the Dold-Kan correspondence to a Quillen equivalence between cate- 
gories enriched over positive graded chain complexes and simplicial fc-modules, see 
theorem 15.191 

Finally we extend the fc-linearization functor to a Quillen adjunction between 
simplicial categories and simplicial fc-linear categories. 

As an application, the zig-zag of Quillen adjunctions obtained allow us to give 
a conceptual explanation of Simpson's homotopy fiber construction [22] used in his 
nonabelian mixed Hodge theory. 

2. Acknowledgments 

I am deeply grateful to Gustavo Granja for several useful discussions and for his 
kindness. 

3. Preliminaries 

In what follows, k will denote a commutative ring with unit. The tensor product 
® will denote the tensor product over k. Let Ch denote the category of complexes 
over k and Ch>o the full subcategory of positive graded complexes. Throughout 
this article we consider homological notation (the differential decreases the degree). 

Observe that Ch>o is a full symmetric monoidal subcategory of Ch and that the 
inclusion 

Ch>o ^ Ch 

commutes with limits and colimits. 

We denote by Ch>o(— , — ) the internal Hom-functor in Ch>o with respect to (8). 

By a dg category, resp. positive graded dg category, we mean a category enriched 
over the symmetric monoidal category Ch, resp. Ch>o, see [1] [T^] [H] [13]. We 
denote by dgcat, resp. dgcat>Q, the category of small dg categories, resp. small 
positive graded dg categories. 

Notice that dgcat>Q is a full subcategory of dgcat and the inclusion 

dgcat>o ^ dgcat 

commutes with limits and colimits. 

Let sSet be the symmetric monoidal category of simplicial sets and sMod the 
category of simplicial fc-modules. We denote by A the levelwise tensor product of 
simplicial fc-modules. The category (sMod, — A — ) is a closed symmetric monoidal 
category. We denote by sMod(— ) its internal Hom-functor. 

By a simplicial category, resp. simplicial k-linear category, we mean a category 
enriched over sSet, resp. sMod, see [1]. 
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We denote by sSet-Cat, resp. sMod-Cat, the category of small simplicial cate- 
gories, resp. simplicial fc-linear categories. 

Let (C, — (g) — ,Ic) and {V, — A — jlp) be two symmetric monoidal categories. A 
lax monoidal functor is a functor F : C V equipped with: 

- a morphism rj : I-p F{Ic) and 

- natural morphisms 

ipx.Y ■■ F{X) AF(Y) ^ F{X (g)Y), X.YeC 
which are coherently associative and imital (see diagrams 6.27 and 6.28 in 

A lax monoidal functor is strong monoidal if the morphisms and 4'x,Y arc iso- 
morphisms. 

Throughout this article the adjunctions arc displayed vertically with the left, 
resp. right, adjoint on the left side, resp. right side. 

4. HOMOTOPY THEORY OF POSITIVE GRADED DG CATEGORIES 

In this section we will construct a Quillcn model structure on dgcat>Q. For this 
we will adapt to our situation the Quillcn model structure on dgcat constructed in 
chapter 1 of 

Remark 4.1. Chapter 1 of [23j (and the whole thesis) is written using cohomological 
notation. Throughout this article we are always using homological notation. 

Wc now define the weak equivalences in dgcat>Q. 

Definition 4.2. A dg functor F : B in dgcat>Q is a quasi-equivalence if: 

(i) F{x,y) : A{x,y) — > B{x,y) is a quasi- isomorphism in Ch>o for all objects x^y £ 
A and 

(ii) The induced functor Ho(-F') : Ho(yl) — > Ho(S) is essentially surjective. 

Notation 4.3. We denote by Qqe the class of quasi-equivalences in dgcat>Q. 

Remark 4.4. Notice that the class Qqe consist exactly of those quasi-equivalences 
in dgcat, see [231 1-6], which belong to dgcat>g. 

In order to build a Quillen model structure on dgcat>o we consider the gener- 
ating (trivial) cofibrations in dgcat which belong to dgcat>Q and introduce a new 
generating cofibration. Let us now recall these constructions, see section 1.3 in [23j . 

Definition 4.5. Following Drinfeld [H 3.7.1] we define K, to he the dg category 
that has two objects 1, 2 and whose morphisms are generated by f Cz /C(l,2)o, 
g G /C(2, l)o, ri € /C(l, l)i, r2 G /C(2,2)i and r\2 € A[](l,2)2 subject to the relations 
d{f) = d{g) = 0, d{ri) = gf - li, d{r2) = /g - I2 and d{ri2) = fri - r2f ■ 




Let k be the dg category with one object 3, such that A:(3,3) = k. Let F be the dg 
functor from k to K. that sends 3 to 1. Let B be the dg category with two objects 
4 and 5 such that 6(4,4) = k , 6(5,5) = k , S(4, 5) = and 6(5,4) = 0. Let 
n > 1, 5"^^ the complex k[n ~ 1] and let be the mapping cone on the identity 
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of S" ^. We denote by V{n) the dg category with two objects 6 and 1 such that 
-P(n)(6,6) = k , -P(n)(7,7) = k , 7'(n)(7,6) = , 7'(n)(6,7) = £>" and w/iose 
composition given by multiplication. Let R{n) be the dg functor from B to Vin) 
that sends A to 6 and 5 to 7. Let C{n) be the dg category with two objects 8 9 
such thatC{n){8,8) = fc, C(n)(9,9) = fc, C(n)(9,8) = 0, C(n)(8,9) 5"-^ anrf 
whose composition given by multiplication. Let S{n) be the dg functor from C{n) to 
V{n) that sends 8 to 6, 9 to 7 and S"'~^ to D" by the identity on k in degree n~\. 
Let Q be the dg functor from the empty dg category 0, which is the initial object in 
dgcat>Q, to k. Finally let N be the dg functor from B to C(l) that sends A to 8 and 
5 to 9. 

Let us now recall the following standard recognition theorem: 

Theorem 4.6. [HI 2.1.19] Let M be a complete and cocomplete category, W a class 
of maps in A4 and L and J sets of maps in A4 such that: 

1) The class W satisfies the two out of three axiom and is stable under retracts. 

2) The domains of the elements of L are small relative to L-cell. 

3) The domains of the elements of J are small relative to J -cell. 

4) J - cell CWnL ~ cof 

5) L ~ injC-W n J — inj. 

6) W r\ I — cof C J — cof or W (IJ — inj C- I — inj. 

Then there is a cofibrantly generated model category structure on M. in which W is 
the class of weak equivalences, I is a set of generating cofihrations, and J is a set 
of generating trivial cofibrations. 

Theorem 4.7. // we let Ai be the category dgcat>Q, W be the class Qge, J be 
the set of dg functors F and R{n), n > 1, and I the set of dg functors Q, N and 
S(n),n > 1, then the conditions of the recognition theorem \4.6\ are satisfied. Thus, 
the category dgcat>Q admits a cofibrantly generated Quillen model structure whose 
weak equivalences are the quasi-equivalences. 

4.1. Proof of Theorem 14.71 We start by observing that the category dgcat^Q 
is complete and cocomplete and that the class Qge satisfies the two out of three 
axiom and that it is stable under retracts. We observe also that the domains and 
codomains of the morphisms in I and J are small in the category dgcat>Q. This 
implies that the first three conditions of the recognition theorem 14.61 arc verified. 

Lemma 4.8. J — cell C Qq^. 

Proof. Since the inclusion 

dgcat>Q ^ dgcat 

preserves colimits and the class Qqe consist exactly of those quasi-equivalences in 
dgcat which belong to dgcat>Q, the proof follows from lemma 1.10 in [23j. ^ 

We now prove that J — inj n Qqe — L — inj . For this wc introduce the following 
auxiliary class of dg functors: 

Definition 4.9. Let Surj>Q be the class of dg functors G : H ^ T in dgcat>Q such 
that: 

- G{x, y) : 'H{x, y) TiGx, Gy) is a surjective quasi-isomorphism for all 
objects x,y € Ti. and 

- G induces a surjective map on objects. 
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Remark 4.10. Notice that the class Surj>g consist exactly of those dg functors in 
Surj, see section 1.3.1 in [53], which belong to dgcat>Q. 

Lemma 4.11. / — inj = Surj>o. 

Proof. Wc prove first the inclusion D. Let G : ^ X be a dg functor in Surj>Q. 
By remark 14.101 G belongs to Surj and so lemma 1.11 in [55] implies that G has 
the right lifting property with respect to the dg functors Q and S{n), n > 1. Since 
the morphism of complexes 

G{x,y) ■.n{x,y) ^I{Gx,Gy), x,y£n 

is surjcctive on the degree zero component, the dg functor G also has the right 
lifting property with respect to A'^. This proves the inclusion D. 

We now prove the inclusion C. Let i? : C — > 2? be a dg functor in / — inj. Lemma 

1.11 in [23] implies that: 

- R induces a surjectivc map on objects and 

- for all objects x,y G C: 

- R{x,y) : C{x,y) ^{Rx, Ry) is a surjectivc quasi-isomorphism for 
n > 1 and 

- V\i)R{x,y) : V\oC{x,y) V\q'D{Rx, Ry) is an injective map. 

Since R belongs to / — inj it has the right lifting property with respect to N and so 
the morphism of complexes i?(a;, y) is also surjectivc on the degree zero component. 
This clearly implies that R belongs to Surj>Q and proves the inclusion C. ^ 

We now consider the following 'diagram chasing' lemma: 

Lemma 4.12. Let f : A/, — > be a morphism in Ch>o such that: 

- fn : Mn — > Nn is surjective map for n > 1 and 

- H„(M,) —f H„(iV,) is an isomorphism for n > 0. 

Then /o : Mq — > A'o is also a surjective map. 

Proof. It's a simple diagram chasing argument. \/ 
Lemma 4.13. J — injO Qqe = Surj>Q. 

Proof. The inclusion D follows from remark r4.10l and from the inclusion D in lemma 

1.12 of [23]. We now prove the inclusion C. Let i? : C I? be a dg functor in 
J — inj n Qqe- Since R belongs to Qqe and it has the right lifting property with 
respect to the dg functors R{n),n > 1 the morphism of complexes 

R{x,y) ■.C{x,y) ~~*'D{Rx,Ry), x,yeC 

satisfies the conditions of lemma l4. 12l and so R(x, y) is a surjective quasi-isomorphism. 
Finally the fact that R induces a surjective map on objects follows from lemma 1.12 
in [ig. 

This proves the lemma. ^ 
Lemma 4.14. J — cell C / — cof. 

Proof. Observe that the morphisms in J — cell have the left lifting property with 
respect to the class J — inj . By lemmas 14.111 and 14.131 / — inj = J — inj n Qqe and 
so the morphisms in J — cell have also the left lifting property with respect to the 
class J — inj, i.e. J — cell C / — cof. 
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We have shown that J — ceU C Qg^ D I — cof (lemmas 14.81 and I4.14|l and that 
/ — inj = J — inj n Qqe (lemmas 14.111 and I4.13P . This implies that the last three 
conditions of the recognition theorem 14.61 are satisfied. This finishes the proof of 
theorem 14.71 

Remark 4.15. Since every object in dgcat is fibrant, see remark 1.14 in and 
the set J of generating trivial cofibrations in dgcat>Q is a subset of the generating 
trivial cofibrations in dgcat we conclude that every object in dgcat>Q is also fibrant. 

4.2. The truncation functor. In this subsection we construct a functorial path 
object in the Quillen model category dgcat>o. 
Consider the following adjunction: 

Ch 

Ch>o 

where t>o denotes the 'intelligent' truncation functor: to a complex 

M. : • • • ^ Af_2 ""^^ M^i ^ Mo ^ Mi < 

it associates the complex 

T>oM, : • • • ^ ^ Ker{do) ^ Mi < . 

The truncation functor r>o is a lax monoidal functor. In particular we have 
natural morphisms 

T>oM. (g) T>oN, — > T>o(M. (g) N,), M., N, e Ch 

which satisfy the associativity conditions. Observe that the truncation functor t>o 
preserve the unit 

•••^O^fc^O< 

of both symmetric monoidal structures. 

Definition 4.16. Let A be a small dg category. The truncation r>OwA of A is 

the positive graded dg category with the same objects as A and whose complexes of 
morphisms are defined as 

T>oA{x,y) := T>oA{x,y), x,yeA. 

For X, y and z objects in t>qA the composition is defined as 

T>nA{x, y) ® T>oA{y, z) — > T>o{A{x, y) ® A{y, z)) T>nA{x, z), 

where c denotes the composition operation in A. The units in t>qA are the same 
as those of A. 

Observe that we have a natural adjunction 

dgcat 

i '^>o 

dgcat>o . 

Remark 4.17. Notice that both functors i and t>o preserve quasi-equi valences. 
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Proposition 4.18. The adjunction (i,r>o) is a Quillen adjunction. 



Proof. Clearly, by remark [4.41 the functor i preserves weak equivalences. We now 
show that it also preserves cofibrations. The Quillen model structure of theorem l4.7l 
is cofibrantly generated and so by proposition 11.2.1 in [7] the class of cofibrations 
equals the class of retracts of relative /—cell complexes. Since the functor i preserves 
colimits it is then enough to prove that it sends the generating cofibrations in 
dgcat>Q to cofibrations in dgcat. This is clear, by definition, for the generating 
cofibrations Q and S'(n), ti > 1. We now observe that i{N) = TV is also a cofibration 
in dgcat. In fact N can be obtained by the following push-out 



C(0) 

S(0) 

7^(0) ■ 



B 

V 



N 



■C(l): 



where S'(O) is a generating cofibration in dgcat, see section 1.3 in [23], and P sends 
8 to 4 and 9 to 5. This proves the lemma. ^/ 



Remark 4.19. Recall from 
dg category A € dgcat. 



4.1] the construction of a path object P{A) for each 



Lemma 4.20. Let A be a positive graded dg category. Then t>oP{A) is a path 
object of A in dgcat>Q. 

Proof. Consider the diagonal dg functor 

A 



in dgcat. We have, as in 



A 



A — > Ax A 
4.1], a factorization 

A 



Ax A 





P{A) 



where / is a quasi-equivalence and P a fibration. By remark [4 . 1 71 and lemma [4. 181 
the functor r>o preserves quasi-equivalences and fibrations. Since the functor r>o 
also preserves limits wc obtain the following factorization 



A- 



■Ax A 





T>oP{A) 



This proves the lemma. 



5. Extended Dold-Kan equivalence 



In this section we will first construct a Quillen model structure on sMod-Cat 
and then show that it is Quillen equivalent to the model structure on dgcat>Q of 
theorem 14.71 
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Recall from [H III-2.3] the Dold-Kan equivalence between simplicial fc-modules 
and positive graded complexes 

sMod 

N 

Ch>o, 

where N is the normalization functor and F its inverse. The normalization functor 
is a lax monoidal functor, see [HI 2.3], via the Eilcnbcrg-MacLanc shuffle map, 
see [H VIII-8.8] 

V:NA®NB — >N{AAB), A,BesMod. 

Observe that the normalization functor N preserves the unit of the two symmetric 
monoidal structures. 

As it is shown in 2.3] the lax monoidal structure on N, given by the shuffle 
map V, induces a lax comonoidal structure on T: 

i) : r(M ® M') — > T{M) A r(M'), M, M' G Ch>o. 

Now, let / be a set. 

Notation 5.1. We denote by Ch>Q-Gr, resp. by Ch>g-Cat, the category of Ch>o- 
graphs with a fixed set of objects /, resp. the category of categories enriched over 
Ch>o which have a fixed set of objects /. The morphisms in Ch>g-Gr and Ch>Q-Cat 
induce the identity map on the objects. 



Wc have a natural adjunction 



Ch>o-Cat 



T, 

Chio-Gr, 

where U is the forgetful functor and Tj is defined as 

{k® A{x,xi)® . . .® A{xn,y) lix^y 
""iTx, xi) ® . . . ® A{xn:V) lix^y 

Composition is given by concatenation and the unit corresponds to 1 G fc. 

Remark 5.2. - Notice that the categories Ch>Q-Gr and Ch>g-Cat admit stan- 

dard Quillen model structures whose weak equivalences (resp. fibrations) 
are the morphisms F : A^ B such that 

F{x,y) : A{x,y) — > B{x,y), x,y e I 

is a weak equivalence (resp. fibration) in Ch>o. In fact the projective 
Quillen model structure on Ch>o, see [H III-2], naturally induces a model 
structure on Ch>Q-Gr which can be lifted along the functor Tj using theorem 
11.3.2 in [7]. 

- If the set / has a unique element, then the previous adjunction corresponds 
to the (Quillen) adjunction between connective dg algebras and positive 
graded complexes, see [10]. 
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Notation 5.3. We denote by sMod'^-Gr, resp. by sMod^-Cat, the category of 
sMod-graphs with a fixed set of objects /, resp. the category of categories enriched 
over sMod which have a fixed set of objects /. The morphisms in sMod^-Gr and 
sMod^-Cat induce the identity map on the objects. 

In an analogous way we have an adjunction 

.sMod^-Cat 

Ti 

sMod^-Gr, 

where U is the forgetful functor and T/ is defined as 



Ti{B){x,y) 



kAa® B{x,xi)/\ 

X,Xi,...,Xn ,y 

B(x,xi) A... AS(x„,y) 



iix^y 



Composition is given by concatenation and the unit corresponds to 1 G fcAp. 

Remark 5.4. If the set / has an unique element, then the previous adjunction 
corresponds to the classical adjunction between simplicial fc-algebras and simplicial 
fc-modules, see [9j II-5.2]. 

Clearly the Dold-Kan equivalence induces an equivalence of categories 

sMod^-Gr 

N 



that we still denote by N and F. 

Since the functor TV : sMod - 
a normalization functor 



Ch^o-Gr 

Ch>o is lax monoidal it induces, as in |2H 3.3], 
sMod^-Cat 

Ni 

Ch>o-Cat . 

In fact, let A S sMod'^-Cat and x, y and z objects in A. Then Ni{A) has the same 
objects as A, the complexes of morphisms arc given by 

Ni{A){x,y) -.^ NA{x,y), x,y e A 

and the composition is defined by 

\7 N(c) 

NA{x, y) (g> NA{y, z) N{A{x, y) A A{y, z)) -M NA{x, z) , 

where c denotes the composition operation in A. The units in Ni{A) are induced 
by those of A under the normalization functor N . 

As it is shown in section 3.3 of [21] the functor Ni admits a left adjoint Lj. 
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Let A G Ch>Q-Cat. The value of the left adjoint Lj on A is defined as the 
coequalizer of two morphisms in sMod^-Cat 

TiTUTiUiA) T TiTUiA) ^ Li{A). 

The morphism is obtained from the unit of the adjunction 

TiUA — > A 

by applying the composite functor TjTU ; the morphism ip2 is the unique morphism 
in sMod^-Cat induced by the sMod^-Gr morphism 

rUTiU{A) — y UTiTUiA) 

whose value at rUTiU{A){x, y), x,y e I is 

T{A{x,xi)(S)...(E)Aixn,y)) 

X^Xi,...,Xn,y 

rAix,x,)A...ATA{x,,,y), 

where '0 is the lax comonoidal structure on T induced by the lax monoidal structure 
on N, sec section 3.3 of [21] . 

5.1. Left adjoint. Notice that the normalization functor Nj : sMod^-Cat 
Ch>Q-Cat, of the previous subsection, can be naturally defined for every set / and 
so it induces a 'global' normalization functor 

sMod-Cat 

N 

dgcat>o. 

In this subsection we will construct the left adjoint of N. 

Let A G dgcat>Q and denote by / its set of objects. Define L{A) as the simplicial 
fc-linear category Li{A). 

Now, let : ^ — > be a dg functor. We denote by /' the set of objects of A'. 
The dg functor F induces the following diagram in sMod-Cat: 

TiTUTiU{A) : TiTU{A) ^ Li{A) =: L{A) 

■"02 

Ti,TUTrU{A') TrTU{A') ^ Li,{A!) =: L{A') . 

Notice that the square whose horizontal arrows are ipi (resp. 7/12) is commutative. 
Since the inclusions 

sMod^-Cat ^ sMod-Cat and sMod^'-Cat ^ sMod-Cat 
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clearly preserve coequalizers the previous diagram in sMod-Cat induces a simplicial 
fc-linear functor 

L{F) : L{A) L{A'). 
We have constructed a functor 

L : dgcat>Q — > sMod-Cat. 
Proposition 5.5. The functor L is left adjoint to N. 

Proof. Let A G dgcat>Q and B G sMod-Cat. Let us denote by / the set of objects 
of A. We will construct two natural maps 

sMod-Cat{L{A),B) ' — ^ dgcat>o(-4, N{B)) 

and then show that they are inverse of each other. 

Let G : L{A) ^ B he a, simplicial fc-lincar functor. We denote by B' the full 
subcategory of B whose objects arc those which belong to the image of G. We have 
a natural factorization 

L{A) ^ B 





B' 

Now, let B be the simplicial fc-linear category whose set of objects is 

obj(B) := {(a, 5)1 a G L{A),h(^ S' and G'(a) = h] 
and whose simplicial fc-modulc of niorphisms is defined as 

5((a,6),(a',6')) :=i?'(6,6'). 

The composition is given by the composition in B' . Now consider the simplicial 
fc-linear functor 

G : L{A) — y B 
which maps a to (a, G"(a)) and the simplicial fc-lincar functor 

P -.B — > B' 

which maps (a, b) to b. 

The above constructions allow us to factor G as the following composition 

L{A) B B'^ B. 

Notice that G induces a bijection on objects and so it belongs to sMod^-Cat. 
Finally define (t>{G) as the following composition 

0(G) : A NB NB'^ ^ NB, 

where denotes the morphism in Ch>Q-Cat which corresponds to G under the 
adjunction {Li,Ni). 
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We now construct in a similar way the map 77. Let F : A NB be a dg functor 
and (NB)' be the fuU subcategory of NB whose objects are those which belong to 
the image of F. We have a natural factorization 

A ^NB 




(NB)' 



Now, let NB be the positive graded dg category whose set of objects is 

ohi{NB) := {(a, 6)1 a e A,be NB'andF'{a) = b} 
and whose positive graded complex of morphisms is defined as 

m3{{a, b), (a', b')) := (iVB)'(6, b'). 
The composition is given by the composition in (NB)' . Consider the dg functor 

F -.A — >NB 
which maps a to (a, F'{a)) and the dg functor 

P -.NB — > {NB)' 

which maps (a, b) to b. 

The above constructions allow us to factor F as the following composition 

A — ^ NB — ^ (^S)'C ^ NB. 

Notice that F induces a bijection on objects and so belongs to Ch>Q-Cat. Since the 
normalization functor N preserve the set of objects, the above construction 

NB — ^ (NB)'^ ^ NB 

can be naturally lifted to the category sMod-Cat. We have the folowing diagram 

sMod-Cat B ^ B' ^ ^ B 

N 

j { 

dgcat>o NB — ^ {NB)"^ ^ NB. 

We can now define ri{F) as the following composition 

TjiF) : L{A) B B'^ ^ B, 

where F^ denotes the morphism in sMod^-Cat, which corresponds to F under the 
adjunction {Li,Ni). 

The maps 77 and (/> are clearly inverse of each other and so the proposition is 
proven. ^/ 
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5.2. Path object. In this subsection wc lift the Quillen model structure on dgcat>Q, 
see theorem |4.7| along the adjunction 

sMod-Cat 

TV 

dgcat>o 

of the previous subsection. For this wc will use theorem 5.12 and proposition 5.13 
of [ig. 

Definition 5.6. A simplicial k -linear functor G : B is: 

- a weak equivalence if NG is a quasi-equivalence in dgcat>Q. 

- a fibration if NG is a fibration in dgcat>Q. 

- a cofibration if it has the left lifting property with respect to all trivial fi- 
brations in sMod-Cai. 

Definition 5.7. Let A be a small simplicial k-linear category. The homotopy 
category 7ro(^) of A is the category which has the same objects as A and whose 
morphisms are defined as 

■^o{A){x,y) ■.= TTo{A{x,y)), x,y£A. 

Lemma 5.8. Let x y be a 0-simplex morphism in A. Then 7ro(/) is invertible 
in ttqIA) iff Ho{N f) is invertible in Ho{NA). 

Proof. We start by observing that if we restrict ourselves to the 0-simplex mor- 
phisms in A and to the degree zero morphisms in NA we have the same category. 
In fact the degree zero component of the shuffle map V, used in the definition of 
NA, is the identity map, see [TSl VIII-8.8]. 

Now suppose that 7ro(/) is invertible. Then there exists a 0-simplex morphism 
g : y —I- X and 1-simplex morphisms hi € A{x, x) and h2 G A{y, y) such that 
do{hi) = Ix , di{hi) = gf,do{h2) = ly and di{h2) = fg. Observe that the image 
of hi, resp. h2, by the normalization functor iV is a degree 1 morphism in NA{x, x), 
resp. in NA[y,y), whose differential is gf — Ix (resp. fg — ly). This implies that 
Ho(A^/) is also invertible in Uq{NA). 

To prove the converse we consider an analogous argument. ^ 

Proposition 5.9. A simplicial k-linear functor G : A ^ B is a weak equivalence 

(1) G{x, y) : A{^x, y) — > B{Gx, Gy) induces an isomorphism on tt; for all i > 
and for all objects x,y £ A, and 

(2) ttq{G) : TTo{A) T^o{B) is essentially surjective. 

Proof. We show that condition (1), resp. condition (2), is equivalent to condition 
(i), resp. condition (m), of definition 14.21 By the Dold-Kan equivalence, we have 
the following commutative diagram 

TTiA{x, y) ^ 'K,B(Gx, Gy) 



U,NA{x,y) ^U,NB{Gx,Gy) 
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where the vertical arrows are isomorphisms. This imphes that condition (1) is 
equivalent to condition (i) of definition 14.21 

Concerning condition (2), we start by supposing that ttq{G) is essentially surjec- 
tive. Consider the functor 

Ho{NG) : Ha{NA) Ha{NB) 

and let z be an object in Ho(A^i?). Since TTa{B) and Ho(A^i?) have the same ob- 
jects we can consider z as an object in 7ro(-B). By hypothesis, 7ro(G) is essentially 
surjcctivc and so there exists an object w G 7ro(A) and a 0-simplex morphism 

Gw ^ z 

which becomes invertible in 7ro(i?). Now lemma \5M implies that Nf is invertible 
in \-\o{NB) and so we conclude that the functor Ho{NG) is essentially surjective. 
This shows that condition (2) implies condition (m) of definition 14.21 To prove the 
converse we consider an analogous argument. ^ 

Theorem 5.10. The category sMod-Cat when endowed with the notions of weak 
equivalence, fibration and cofibration as in definition \5.6\. becomes a cofibrantly gen- 
erated Quillen model category and the adjunction (i, N) becomes a Quillen adjunc- 
tion. 

The proof will consist on verifying the conditions of theorem 5.12 and proposition 
5.13 in [53]. Since the Quillen model structure on dgcat>Q is cofibrantly generated, 
see theorem 14. 71 every object in dgcat>Q is fibrant, see remark [4. 151 and the functor 
TV clearly commutes with filtered colimits it is enough to show that: 

- for each simplicial fc-linear category A, we have a factorization 

A X A 




with Ia is a weak equivalence and Pq x Pi is a fibration in sMod-Cat. 
For this we need a few lemmas. We start with the following definition. 

Definition 5.11. Let us define P{A) as the simplicial k-linear category whose 
objects are the 0-simplex morphisms f : x ^ y in A which become invertible in 
7ro(j4). We define the simplicial k-module of morphisms 

P{A){x^y,x' ^y'), f.f'eP{A) 
as the homotopy pull-back in sMod of the diagram 

Aiy,y') 

r 

A{x,x')^;^A{x,y'), 

by which we mean the simplicial k-module 

A{x,x') X sMod(fcA[l],^(a;,y')) x A{y,y') . 

A{x,y') A{x,y') 
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We denote the simplexes in A{x,x') and A{y,y') lateral morphisms and the sim- 
plexes in sMod(fcA[l], ^(x, y')) homotopies. The composition operation 

P{A){f, /') A /") /"), /, /', /" G P{A) 

decomposes on: 

- a composition of lateral morphisms, which is induced by the composition on 
A and 

- a composition of homotopies, which is given by the map 

.sMod (fcA[l]. ^(x. v')) A A(v'. v") x A(x,x') A sMod (kA[l]. A(x' .x 

sM.od (kA\0].A(x,v")) 

1^ composition 

sMod(/cA[l] kA[l],A{x,y")) 

/cA[0] 

sMod(fcA[l],^(2;,y")), 

where the last map is induced by the diagonal map in fcA[l]. 

Remark 5.12. Notice that a 0-simplex morphism a : f ^ f in P{A) is of the form 
a = {rrix, h, my), with : x x' and rUy : y y' 0-simplex morphisms in A and 
/i is a l-simplex morphism in A(x, y') such that df){h) = niyf and di{h) = fm^- 

Wc have a natm'al commutative diagram in sMod-Cat 
(1) A ^AxA 




P{A) 

where Ia is the simplicial fc-lincar functor that associates to an object x ^ A the 
0-simplex morphism x ^ x and Pq, resp. Pi, is the simplicial fc-linear functor that 

sends a morphism x ^ y in P{A) to x, resp. y. 

Notice that by applying the normalization functor N to the above diagram and 
lemma 14.201 to the dg category NA we obtain two factorizations 

NA ^ NA X NA 




T>oP{NA) 

of the diagonal dg functor. By lemma 14.201 T^nP( NA) is a path object of NA in 
dgcat>Q. We will show in proposition 15 . 1 71 that NP{A) is also a path object of NA. 

Lemma 5.13. Let A, B ^ sMod. The shuffle map V induces a natural surjective 
chain homotopy equivalence 

N{sMod{A,B)) ^ Cc\>q{NA,NB), 
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which has a natural section induced by the Alexander- Whitney map. 

Proof. First note that if (L, R) and (L', R') arc adjoint pairs of functors, a natural 
transformation C : L ^ L' induces a natural transformation C} : R' ^ R which is a 
natural equivalence iff Q is also. 

Fixing a chain complex NA £ Ch>o let L, L' : Ch>o Ch>o be defined by 

L{C):^C®NA, L'{C):^N{TC hA). 

Using the Dold-Kan equivalence in the case of L', we see that these functors have 
right adjoints 

i?(C) = Ch>o (iVA, C), R'{C) = Ni sMod iA. TC)) 

respectively. 

The shuffle map determines a natural inclusion : L L' which has a right 
inverse given by the Alexander- Whitney map AW, see [21] 2.7]. It follows that 
V' : i?' i? is a natural surjection with a section given by AWK 

The fact that is a natural transformation of bi-functors is clear. 

Since V is a chain homotopy equivalence, in order to finish the proof it is now 
enough to show that the functors L, L', R, R' send chain homotopic maps to chain 
homotopic maps (for (L, R) and (L', i?') will then induce adjunctions on the ho- 
motopy category Ho(Ch>o) and V: L ^ L' will be a natural isomorphism between 
endo-functors of Ho(Ch>o)). 

The functors L and R clearly preserve the chain homotopy relation. For the 
same reason, L' and R' preserve the relation on Ch>o(C, D) defined by the cylinder 
object 

C ^ N{TC A fcA[l]) ■< C 



C. 

Since the Alexander- Whitney and shuffle maps give maps between this cylinder 
object and the usual one, we see that this relation is the usual chain homotopy 
relation. This concludes the proof. \/ 

We now define a map relating the Ch>o-graphs associated with the dg cate- 
gories NP{A) and t>qP{NA). Observe thai;: 

- By lemma H.201 NP{A) and t>qP{N A) have exactly the same objects and 

- For each pair of objects x y, x' ^ y' in NP{A), the map of lemma [5. 131 
(with A = fcA[l]) induces a surjective quasi-isomorphism 

NA{x,x') X N sMod (kA[l]. A(x.v')) x NA{y,y') 

NA(x,y') NA{x,y') 
~ IxV'xl 

NA{x,x') X Ch>o(A^fcA[l],iVA(a;,y')) x NA{y,y') 

NA(x,y') NA(x,y') 

in Ch>o. 
Notation 5.14. We denote by 

(t> : NP{A) - - ^ t>qP{NA) 
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the map of Ch>o-graphs which is the identity on objects and 0/,/' on the complexes 
of morphisms. 

Remark 5.15. Notice that by definition of P{A) and remark [5.12l thc map (f> preserve 
identities and the composition of degree zero morphisms. 

We now establish a 'homotopy equivalence lifting property' of (j). 

Proposition 5.16. Let a be a degree zero morphism in r>oP(A^A) that becomes 
invertible in Ho{t>qP(NA)). Then there exists a degree zero morphism a in NP{A) 
which becomes invertible in Ho{NP(A)) and 4>{a) — a. 

Proof. Let 

a:{x^y) — > {x ^ y') 

be a degree zero morphism in t>qP{NA). Notice that a is of the form {rUx, h, ruy) 
with rux : X x' and my : y y' degree zero morphisms in NA and h : x y a 
degree 1 morphism in NA. Now, by definition of P{A) we can choose a represen- 
tative h G A{x, y)i of h and so we obtain a degree zero morphism a ~ {nix, h, 'm-y) 
in NP{A) such that 

(bfj>_NP{A)ifJ') ^ r>oP(iV A) (/,/') 
a={mx,h,my) ^ {mx,h,my). 

Now suppose that a is invertible in Hq{t>qP(NA)). Then there exist morphisms P 
of degree and ri and r2 of degree 1 such that d{ri) — (3a — 1 and d{r2) = a(3 — 1. 
As above, we can lift /3 to a morphism (3 in NP{A). Since the map preserve the 
identities and the composition of degree zero morphisms it maps a(3 to a/3 and pa 
to Pa. Finally since the maps 4>fj' are surjective quasi- isomorphisms we can lift 
ri to fi, resp. r2 to ¥2, in NP[A) by applying the lemma [H 2.3.5] to the couple 
(ri, 1), resp. (r2, 1). This implies that a is also invertible in V\q{NP{A)). ^ 

Proposition 5.17. In the following commutative diagram in dgcat>Q 
NA ^ NA X NA 

NP{A) , 

obtained by applying the normalization functor N to the diagram in sMod-Cat, 
the dg functor N{Ia) is a quasi- equivalence and N{Po) x N{Pi) is a fibration. 

Proof. We first prove that N{Ia) is a quasi-equi valence. By definition of P{A) the 
dg functor I a clearly satisfies condition (1) of proposition 15.91 We now prove that 
N{Ia) satisfies condition (m) of definition 14.21 Let / be an object in NP{A). The 
dg categories NP{A) and TyoP{NA) have the same objects and so we can consider 
/ as an object in t>oP{NA). Since the dg functor 

T>o(/) : NA T>oPiNA) 

is a quasi-equivalence, see lemma 14.201 there exists an object x in NA and a homo- 
topy equivalence a in t>qP(NA) between I(x) and /. By proposition 15.161 we can 
lift a to a homotopy equivalence a in NP{A) and so the dg functor 

N{Ia) : NA — > NP{A) 
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satisfies condition (m) of dcfinition l4.2l This proves that N{I) is a quasi-equivalence. 

We now prove that N{Po) x N{Pi) is a fibration. By definition of P{A) the 
dg functor N{Po) x N{Pi) is clearly surjectivc on the complexes of morphisnis. 
We now prove that it has the right lifting property with respect to the generating 

trivial cofibration F, see definition 14.51 Let x y be an object in NP(A) and 
7 : {x, y) — * (x', y') a homotopy equivalence in NA x NA. Since the dg functor 

T>o(P) : T>oPiNA) NA x NA 

is a fibration there exists a homotopy equivalence a : / /' in t>o-P(-/VA) such that 
T>o = 7- Now, by proposition 15.161 we can lift a to a homotopy equivalence 
a~: / ^ /' in 7V(PA) such that N{Po) x iV(Pi)(a) = 7. 

This proves the proposition. ^y 



Notice that the previous proposition implies theorem 15. 101 

Remark 5.18. Since every object in dgcat>Q is fibrant, see remark r4.15[ all simplicial 
fc-linear categories will be fibrant with respect to this Quillen model structure. 

5.3. Quillen equivalence. In this subsection we prove that the Quillen adjunction 
constructed in the previous subsection 

sMod-Cat 

L N 

dgcat>o 

is in fact a Quillen equivalence. 

Theorem 5.19. The Quillen adjunction {L,N) is a Quillen equivalence. 

Proof. Let A G dgcat>Q be a cofibrant dg category and B a simplicial fc-linear 
category. Recall from remark r5.18l that every object in sMod-Cat is fibrant. We 
need to show that a simplicial fc-linear functor 

F : L{A) — y B 

is a weak equivalence in sMod-Cat iff the corresponding dg functor 

F'^ -.A — > NB 

is a quasi-equivalence in dgcat>Q. 

We have the folowing commutative diagram 

A ^NB 




NL{A) 

where 77 is the counit of the adjunction [L,N). Since, by definition, P is a weak 
equivalence in sMod-Cat iff NF is a quasi-equivalence it is enough to show that r] 
is a quasi-equivalence. The dg functor 77 is the identity map on objects and so it is 
enough to show that 

r]{x,y) : A{x,y) — > NL{A){x,y), x,y e A 
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is a quasi-isomorphism. Now, let / be the set of objects of ^. Since A is cofibrant in 
dgcat>Q it clearly stays cofibrant when considered as an object of the Quillen model 
structure on Ch{.Q-Cat, sec remark [221 By proposition 6.4 of [21] the adjunction 
morphism in Ch>Q-Gr 

TU{A) — >Li{A) 

is such that 

rU{A)ix,y) ^ Li{A)ix,y) 

induces an isomorphism in tt^ for i > and for all objects x,y Cz TU{A). This 
implies by the Dold-Kan equivalence that 

A{x, y) = N{TU{A){x, y)) ^ N{Li{A){x, y)), x,y € A 

is a quasi-isomorphism and so 

'q{x,y) : A{x,y) >NLA{x,y), x,y e A 

is a quasi-isomorphism. This proves the theorem. -^Z 

Remark 5.20. Notice that the objects in dgcat>Q, rcsp. in sMod-Cat, with only one 
object consist exactly on the connective dg algebras, see [211 resp. simplicial 
fc-algebras. We have the following commutative diagram 



sAlg ^ 



sMod-Cat 



N 



DGA>n^ 



N 

■ dgcat>o , 

where DGA>o denotes the category of connective dg algebras and sAlg the cate- 
gory of simplicial fc-algebras. Observe that if we restrict the Quillen model struc- 
tures to these full subcategories we obtain Shipley-Schwede's Quillen equivalence 

m 1-1] 

sAlg 

L N 

DGA>o . 

We have then extended Shipley-Schwede's work to a 'several objects' context: the 
notion of weak equivalence in sMod-Cat and dgcat>Q (see definition [521 and propo- 
sition 15. 6p is now a mixture between quasi-isomorphisms and categorical equiva- 
lences. 



6. The global picture 
Recall from [H III] that we have an adjunction 

sMod 



sSet, 
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where U is the forgetful functor and k{—) the fc-hnearization functor. The functor 
k(—) is lax strong monoidal and so we have the natural adjunction 

sMod-Cat 



sSet-Cat. 

Recall from [U 1.1] that the category sSet-Cat is endowed with a Quillen model 
structure whose weak equivalences are the Dwyer-Kan (=DK) equivalences. Let us 
recall this notion. 

Definition 6.1. A simplicial functor F : A ^ B is a Dwyer-Kan equivalence if: 

- for any objects x and y in A, the map 

F{x,y):A{x,y)^B{Fx,Fy) 

is a weak equivalence of simplicial sets and 

- the induced functor tto{F) : tto{A) — > T^aiB) is essentially surjective. 

Proposition 6.2. The adjunction (fc(— ), U) is a Quillen adjunction, when we con- 
sider on sNLod-Cat the Quillen model structure of theorem \5.1(A 



Proof. We first observe that by proposition 15.91 the functor 

U : sMod-Cat — > sSet-Cat 



preserves weak equivalences. 

We now show that it also preserves fibrations. Let G : A ^ B he a. simplicial 
/c-linear functor such that NG : NA — > NB is a fibration in dgcat>o. We need to 
show that t/G is a fibration in sSet-Cat. Recall from [T] that UG is a fibration iff: 

(Fl) for any object x and y in U A, the map 

UG{x,y) : UA{x,y) — > UB{Gx,Gy) 

is a fibration in sSet and 
(F2) for any object x € UA, y e UB and homotopy equivalence / : Gx y in 
UB {= f becomes invertible in Tro{UB)), there is an object z G A and a 
homotopy equivalence h : x z in UA such that UG{h) = /. 

Since by hypothesis NG : NA NB is a fibration in dgcat>Q, the dg functors 
R{n),n > 1 (which belong to the set J of generating trivial cofibrations) allow us 
to conclude that the morphisms 

NG{x, y)n : NAix, y)„ — > NB{Gx, Gy)„, x,y & A 

are surjective for n > 1. Now, by [HI III-2.11], UG{x, y) is a fibration in sSet iff the 
morphisms NG{x,y)n are surjective for n>l. This implies that condition (Fl) is 
verified. 

Concerning condition (F2), let x £ UA, y £ UB and / : Gx y he a, ho- 
motopy equivalence in UB. This means that / is invertible in tto{B) and so by 
lemma ES -^(/) is also invertible in Ho{NB). This data allow us to construct, 
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using proposition 1.7 in [23], the following (solid) commutative square 



k 

V 



IC- 



NA 



NG 



NB. 



Since NG is a fibration in dgcat>Q we can lift Nf to a morphism h : x z in NA 
which is invertible in Hq (NA) . Since the 0-simplex morphisms in A and the degree 
zero morphisms in NA are exactly the same, lemma 15.81 implies that h : x z, 
when considered as a morphism in UA^ satisfies condition (F2). 
This proves the proposition. 

We have obtained the following zig-zag of Quillen adjunctions relating the ho- 
motopy theories of differential graded and simplicial categories: 

sSet-Cat 



sMod-Cat 



N 



dgcat>o 



dgcat. 

Remark 6.3. Since the adjunction (i, A^) is a Quillen equivalence 

- the composed functor L(A^ofc(— )) : Ho(sSet-Cat) — > Ho(dgcat) preserves 
homotopy colimits and 

- the composed functor R([/oLor>o) : Ho(dgcat) — > Ho(sSet-Cat) preserves 
homotopy limits. 

The following result was proved by Simpson in an adhoc way in [22] 5.1]. 

Corollary 6.4. Let F : A B be a dg functor and b an object of B. Then the 
homotopy fiber of F over b, denoted by HFib(_F')/&, is equivalent to the homotopy 
fiber of R{U oLo t>o) (i^) over b: 



HFih{F)/b 
Proof. It follows from remark [6. 31 



HFib(iVF)/6. 



V 
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